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Abstract. We consider an inverse problem for a non-linear hyperbolic equation. We
show that conformal structure of a Lorentzian manifold can be determined by the
source-to-solution map evaluated along a single timelike curve. We use the microlocal
analysis of non-linear wave interaction.

1. Introduction

Since the introduction of linearization methods for recovering the background geome-
try from data about solutions of non-linear hyperbolic equations [KLU18], many works
have followed [AUZ22, CLOP21a, CLOP21b, dHUW19a, dHUW19b, FO20b, HUZ22a,
HUZ22b, KLOU14, LUW17, Tzo, UW20, UZ21b, UZ22, UZ23, Zha23]. We also men-
tion works studying inverse problems for non-linear hyperbolic equations [FY23, Kia21,
NVW21, Rom23, SB20, SBS22, SBUW22, WZ19]. For an overview of the recent progress,
see [Las18, UZ21a]. In most of these cases the data acquisition geometry roughly consists
of sources and measurements taken in a small, albeit open, space-time tube around a
timelike curve. There has also been work where the measurements set and source set are
disjoint [FLO21], though in these cases the measurements are also taken in open tubes.

In this work we propose a model which requires less measurements to be taken in
comparison to the previous results mentioned above. In particular, we will show that,
to recover the background geometric structure, one only needs to measure the solution
of a non-linear wave along a single timelike curve. We emphasize, however, that we still
need to arrange the sources in an open tubular neighbourhood of this time-like curve.

We now give a precise formulation of our inverse problem. Let (M, g) be a globally
hyperbolic, (1 + 3)-dimensional Lorentzian manifold, where the metric g is of signature
(−,+,+,+). Global hyperbolicity allows us to write

M = R×M0;

g = β(t, x′)(−dt2 + κ(t, x′)),

where (t, x′) = (x0, x1, x2, x3) are local coordinates onM , β is a smooth positive function
on M , and (M0, κ(t, ·)) is a Rimannian manifold with the metric depending smoothly
on t ∈ R. For p ∈ M , we denote by J+(p) and J−(p) to be the causal past and future,
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2 SINGLE OBSERVER DETERMINATION OF LORENTZIAN MANIFOLD

respectively. We consider semilinear wave equation{
2gu+ u3 = f, on M,

u |(−∞,0)×M0
= 0,

(1.1)

where

2g := (−det g)−
1
2∂j((−det g)

1
2 gjk∂k)

is the wave operator on (M, g). We aim to extract geometric information by measuring
waves on a single point which is represented as a smooth future pointing timelike curve

µ : [−1, 1] →M.

Let (s−, s+) ⊂⊂ (−1, 1) and let Ω ⊂⊂ (0,∞)×M0 be any open set containing µ([s−, s+]).
For all f ∈ CNc (Ω), define the single observer source-to-solution map by

Lf := µ∗uf ,

where uf is the unique solution to (1.1). Hence, L represents the measurements of waves
produced by sources supported on Ω and observed at µ. Our main result is the following:

Theorem 1.1. The operator f 7→ Lf determines the topological, differential, and con-
formal structure of D := J+(µ(s−)) ∩ J−(µ(s+)).

We now provide a brief outline of our strategy. For ϵ = (ϵ0, · · · , ϵ6), we take

fϵ =
6∑
j=0

ϵjfj

to be source and u to be corresponding solution to (1.1). Then it is easy to see that the
first order linearization, uj := ∂ϵju |ϵ=0, will solve the linear wave equation with source
fj . It is also easy to see that u123 is also the solution of the linear wave equation but
now with source u1u2u3. It was first observed by [KLU18] that, due to propagation of
singularity, having products of the previous linearization acting as the source allows us to
recover data about broken lightrays leaving then returning to the tubular neighbourhood
Ω. This technique is often called multiple linearization.

Our situation is more challenging as it only provides us information about return rays
along a single timelike curve, which on its own is not sufficient to deduce the background
geometry. To overcome this, we introduce even higher order linearizations u123jk where
j, k ∈ {0, 4, 5, 6} so that u123ujuk are now source terms. If we choose fj for j ∈ {0, 4, 5, 6}
appropriately so that u0, u4, u5, and u6 are supported in the right places, we can make it
so that information always get propagated back to the timelike curve µ([s−, s+]). From
this we obtain geometric information which is encoded in the Three-to-One Scattering
Relation introduced in [FLO21]. It was shown in [FLO21] that this information uniquely
determines the background geometry up to a conformal factor.

A special case of Theorem 1.1 for the case when the Lorentzian metric is ultrastatic
was done in [Tzo] where the geometric structure of a Riemannian manifold was recovered
via measurement at a single point. In [LLPMT22], it was noted that for the hyperbolic
case, it might be enough to measure the Dirichlet-to-Neumann map integrated against a
suitable fixed function. Similar type of single point inverse problem using non-linearity
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in the elliptic setting was considered in [ST23]. Let us also mention that lineariza-
tion technique was first used in the context of elliptic inverse problem in [FO20a] and
[LLLS21].

All the aforementioned works employ non-linearity as a fundamental instrument,
whereas the corresponding problems for linear cases remain unsolved. This is due to
the lack of uniqueness results for the linear case. Currently, established uniqueness re-
sults for linear hyperbolic equations with vanishing initial data are based on Tataru’s
unique continuation theorem [Tat95, Tat99]. Consequently, these results require the
coefficients to be constant or real-analytic in the time variable. We mention works
[BK92, HLOS18, LNOY23, LO10, LU01] where the background geometry was recovered
form solution data of linear wave equation.

2. Notation

Let (M, g) be a globally hyperbolic, 1 + 3 dimensional Lorentzian manifold. Global
hyperbolicity allows us to write M = R ×M0 and g = β(t, x′)(−dt2 + κ(t, x′)) for a
family of Riemannian metrics κ(t, ·) onM0. EndowM with a Riemannian metric G and
we use the same letter to denote the Sasaki metric on T ∗M .

Assuming that (M, g) is time-oriented enables us to establish the direction of time
and define time-like and causal paths that point towards the future and the past. We
recall that a smooth path µ : (a, b) →M is timelike if g(µ̇, µ̇) < 0 on (a, b). We say that
µ is causal if g(µ̇, µ̇) ≤ 0 and µ̇ ̸= 0. For p, q ∈ M , p ≪ q means that they are distinct
and there is a future pointing timelike path from p to q. Similarly, p < q means that
they are distinct and there is a future pointing causal path from p to q. We say that
p ≤ q if p = q or p < q. The chronological future of p ∈M is the set

I+(p) := {q ∈M : p≪ q}
and causal future of p is the set

J+(p) := {q ∈M : p ≤ q}.
Analogically, we set chronological past, I−(p), and causal past, J−(p). For a set A ⊂M ,
we denote

J±(A) :=
⋃
p∈M

J±(p).

For W ⊂M , let

L∗,+W :=
⋃
p∈W

L∗,+
p M ⊂ T ∗W

the bundle of future pointing lightlike covectors. Analogically, we define L∗,−W . The
projection from the cotangent bundle T ∗M to the base point of a vector is denoted by
π : T ∗M →M .

For p, q ∈M , we define the separation function as

τ(p, q) :=

{
supα

∫ 1
0

√
g(α̇, α̇) if p < q,

0 otherwise,

where the supremum is taken over all piecewise smooth causal paths α : [0, 1] →M from
p to q.
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For x = (t, x′) and η ∈ L∗,+
x M , let s(η) ∈ (0,∞] be the maximal value for which

geodesic γη : [0, s(η)) 7→M is defined. We define the cut function by

ρ(η) := sup{s ∈ [0, s(η)) : τ(x, γs(η)) = 0}.

We define ρ(η) also for η ∈ L∗,−
x M by the above expression but with respect to the

opposite time orientation.

3. A Three-to-One Scattering Relation

We will prove Theorem 1.1 by using the notion of a three-to-one scattering relation de-
fined in [FLO21]. Before providing the definition, we introduce necessary notations. Let
H denote the Hamiltonian vector field and Σ(2g) denote the characteristic set associated
with σ[2g], that is

H(x, ξ) := 2gijξj∂xi − (∂xig
jkξjξk)∂ξi ,

Σ(2g) := {(x, η) ∈ T ∗M \ 0 : (η, η)g = 0}.
We denote by Φs the flow of H. For the set K ⊂ Σ(2g), we define the future flowout by

FLO+(K) = {(y, η) ∈ Σ(2g) : (y, η) = Φs(x, ξ), s ∈ R, (x, ξ) ∈ K, y ≥ x} .

Past flowout FLO−(K) is defined analogically.
Now we are ready to recall the definition of the three-to-one scattering relation intro-

duced in [FLO21]:

Definition 3.1. Let Ω ⊂ M be open and nonempty. A relation R ⊂ (L∗,+Ω)4 is a
three-to-one scattering relation if the following two conditions hold:

(R1) If (ξ0, ξ1, ξ2, ξ3) ∈ R then

π ◦ FLO−(ξ0) ∩
3⋂
j=1

π ◦ FLO+(ξj) ̸= ∅.

(R2) The set R contains all (ξ0, ξ1, ξ2, ξ3) ∈ (L∗,+Ω)4 which satisfy
(a) The bicharacteristics through ξj are distinct, that is, FLO(ξj) ̸= FLO(ξk)

when j ̸= k.
(b) There are y ∈ M , s0 ∈ (−ρ(ξ0), 0), sj ∈ (0, ρ(ξj)), j = 1, 2, 3, such that

y = γξj (sj) for j = 0, 1, 2, 3.
(c) Writing ηj for the covector version of γ̇ξj (sj), it holds that η0 ∈ span(η1, η2, η3).

Relation (R1) means that if (ξ0, ξ1, ξ2, ξ4) ∈ R it is necessary for the future pointing
geodesics of ξ1, ξ2, ξ3, and the past pointing geodesic of v0, to intersect at some point y.
While, relation (R2) means that for (ξ0, ξ1, ξ2, ξ4) ∈ R it is sufficient if the geodesics of
ξ1, ξ2, ξ3, and ξ0 intersect at some point y before their cut points and the velocity at y
of the geodesic corresponding to ξ0 belongs to the span of velocities at y corresponding
to ξ1, ξ2, and ξ3; see Figure 1.

Note that since we can always consider smaller Ω, we will assume without loss of
generality that

Ω ⊂⊂ J−(µ(1))\J−(µ(−1)).
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Therefore, for every x = (t, x′) ∈ Ω, there exists a unique ξµ(x) ∈ L+
xM/R+ such that

γξµ(x)([0, ρ(ξ
µ(x)))) ∩ µ([−1, 1]) is non-empty. Furthermore, by definition of ρ(·) this

intersection contains exactly one element which we will denote by

x̂(x) := γξµ(x)([0, ρ(ξ
µ(x)))) ∩ µ([−1, 1]). (3.1)

Denote by Tx′ ⊂ M to be the codimension 3 submanifold {(t, x′) | t ∈ (−∞,∞)}.
Clearly, for any lightlike covector ξ ∈ L∗,+

x0 M , we have that

T ∗
xM = span ξ ⊕N∗

xTx′ .

Therefore, we have the following

Lemma 3.2. Let ξ ∈ L∗,+Ω and x = π(ξ), then there exists a unique ξ′ ∈ N∗
xTx′/R+

and c ∈ R such that

ξµ(x) = cξ + ξ′.

If cξ = ξµ(x) then ξ′ here is understood to be the zero covector.

The last lemma allows us to define the map

ν : L∗,+
x Ω/R+ → N∗

xTx′/R+, (3.2)

ν(ξ) := ξ′.

Given an ordered quadruple of covectors (ξ0, ξ1, ξ2, ξ3) ∈ (L∗,+Ω)4 with π(ξ0) ∈⋂3
j=1 J

+(π(ξj)), we construct the following distributions. In what follows, if ξ ∈ L∗,+M
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and h > 0 we denote

Bh(ξ) := {λη ∈ T ∗M | dG(η, ξ) < h, λ ∈ R+}. (3.3)

Moreover, from now on we will use notation xj := π(ξj) for j = 0, 1, 2, 3.

3.1. Distributions f1, f2, and f3. To begin, we create sources f that are compactly
supported near a specific point in M and have a wavefront set that is microlocalized
near a single direction.

For j = 1, 2, 3 and h > 0, let ωj(x, ξ;h) ∈ Ψ0(M) with a homogeneous of degree zero
symbol ωj(x, ξ;h) satisfying

ωj(xj ,±ξj ;h) = 1, and supp(ωj(·;±ξj , h)) ⊂ Bh(ξj) ∪Bh(−ξj).

Define the compactly supported conormal distributions fj ∈ I(M,Bh(ξj) ∪Bh(−ξj))

fj(·; ξj , h) := ωj(x,D;h)⟨D⟩−Nδxj (3.4)

where δxj is the Dirac delta function and ⟨D⟩ is an elliptic classical psedodifferential

operator of order 1. Here, N > 0 is large enough so that fj ∈ CN
′

c is smooth as we need.
Then the following result holds

Lemma 3.3. Suppose for each h > 0, uj(·;h) is the solution to{
2guj(·; ξj , h) = fj(·; ξj , h),
uj |(−∞,0)×M0

= 0

then

uj ∈ I(T ∗
xjM,FLO+((Bh(ξj) ∪Bh(−ξj)) ∩ L∗,+

xj M)).

Furthermore, σ[uj ](±ξ) ̸= 0 for all ξ ∈ FLO+(ξj).

3.2. Distributions f0, f4, f5, and f6. For each fixed h > 0 let a > 0 be a parameter
so that 0 < a < h. We let χa(·;x0) ∈ C∞

c (BG(x0; a)) satisfy χa(x0;x0) = 1. Define

f0(x;x0, a) = f4(x;x0, a) = 2gχa(x;x0) (3.5)

so that χa(·;x0) is the unique solution to{
2gu(·;x0, a) = f0(·;x0, a) = f4(·;x0, a),
u|(−∞,0)×M0

= 0.

For x̃ = (t̃, x̃′) ∈ π ◦ FLO+(ξ0) ∩ Ω, let χa(·; x̃) ∈ C∞
c (BG(x̃; a)) satisfy χa(x̃; x̃) = 1.

Define f6(·; x̃, a) by

f6(·; x̃, a) := 2g
(
χa⟨D⟩−NδTx̃′

)
(3.6)

where δTx̃′ the distribution given by integrating along Tx̃′ . Observe that

u6(·; x̃, a) =
(
χa⟨D⟩−NδTx̃′

)
(3.7)

is the unique solution to {
2gu6(·; x̃, a) = f6(·; x̃, a),
u6|(−∞,0)×M0

= 0.
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Finally, we set

f5(·; x̃, a) := 2gχa(·; x̃) (3.8)

so that u5(·; x̃, a) = χa(·; x̃) is the unique solution to the wave equation with source f5.

3.3. Seventh-order interaction of waves for the non-linear wave equation. Let
(ξ0, ξ1, ξ2, ξ3) ∈ (L∗,+Ω)4 and

x̃ = (t̃, x̃′) ∈ π ◦ FLO+(ξ0) ∩ Ω.

For h > 0 and a ∈ (0, h), define sources {fj}6j=0 as in the previous section. Next, we

introduce a vector of seven variables denoted by ϵ = (ϵ0, · · · , ϵ6). For the non-linear
wave equation (1.1), we denote by

uϵ = uϵ(·; ξ0, ξ1, ξ2, ξ3, x̃, a, h)
its solution when the source is given by

f =

6∑
j=0

ϵjfj .

We also set

uj := ∂ϵjuϵ
∣∣
ϵ=0

j ∈ {0, · · · , 6};
ujk := ∂ϵj∂ϵkuϵ

∣∣
ϵ=0

j, k ∈ {0, · · · , 6};
· · · (3.9)

u0123456 := ∂ϵ0 . . . ∂ϵ6uϵ|ϵ=0 .

Then it follows that {
2guj = fj ,

uj |(−∞,0)×M0
= 0,

(3.10)

so that functions {uj}6j=1 coincide with the functions described in the previous section.
In particular,

u0 = u4 = χa(·;x0), u5 = χa(·; x̃), u6 = χa(·; x̃)⟨D⟩−NδTx̃′ .

Similarly, one can check that ujk = 0 for j, k ∈ {0, · · · , 6} distinct. Moreover, for j, k,
l, α, β ∈ {0, · · · , 6} distinct, {

2gujkl = −6ujukul,

ujkl|(−∞,0)×M0
= 0,

(3.11)

and 2gujklαβ = −
∑
σ∈S5

uσ(j)uσ(k)uσ(l)σ(α)σ(β),

ujklαβ|(−∞,0)×M0
= 0,

(3.12)

Here, Sn is the permutation group on {j, k, l, α, β}, that is a set of bijective operators
from {j, k, l, α, β} to itself.

We will also need the 7-fold linearization u0123456:

2gu0123456 =
∑
σ∈S7

(
uσ(5)uσ(6)uσ(0)σ(1)σ(2)σ(3)σ(4) + uσ(0)uσ(1)σ(2)σ(3)uσ(4)σ(5)σ(6)

)
.
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3.4. A Three-to-One Scattering Relation. Let (ξ0, ξ1, ξ2, ξ3) ⊂ (L∗,+Ω)4 based at
points (x0, x1, x2, x3), respectively, and uϵ be the solution of (1.1) described in the pre-
vious section. Let us consider the following two conditions for (ξ0, ξ1, ξ2, ξ3):

(1) We say that (ξ0, ξ1, ξ2, ξ3) satisfies the non-return condition if

x̂(x0) /∈ π ◦ FLO+(ξ0) (3.13)

and

x0 /∈
3⋃
j=1

(
π ◦ FLO+(ξj)

)
. (3.14)

(2) We say that (ξ0, ξ1, ξ2, ξ3) satisfies the desirable condition if for any open set
O ⊂ Ω containing x0 there exists x̃ ∈ O ∩ π ◦ FLO+(ξ0) satisfying

x̃ ̸= x0, x̃ /∈ µ([0, 1]),

x̂(x̃) /∈
3⋃
j=1

(
π ◦ FLO+(ξj)

)
, (3.15)

and that uϵ = uϵ(·; ξ0, ξ1, ξ2, ξ3, x̃, a, h) satisfies

µ−1(x̂(x̃)) ∈ singsupp(µ∗u0123456), (3.16)

for any sufficiently small h > 0 and 0 < a < h.

We now set

R :=

(ξ0, ξ1, ξ2, ξ3) | x0 ∈
3⋂
j=1

I+(xj), conditions (1) and (2) are satisfied

 (3.17)

Observe that apriori this set is not uniquely determined by the source-to-solution
operator f 7→ Lf . This is because we do not apriori know whether condition (1) is
satisfied. We take care of this by

Proposition 3.4. Let ξ0, ξ1 ∈ L∗,+Ω such that x0 ∈ I+(x1), then the map f 7→ Lf
determines whether the relation

x0 ∈ π ◦ FLO+(ξ1) (3.18)

is satisfied.

In order to prove it we need the following modification of Lemma 2.12 in [Tzo]:

Lemma 3.5. Let S be hypersurface containing x∗. Suppose u ∈ I(M,N∗S) is a conor-
mal distribution and α be a curve intersecting S transversally at x∗. If σ[u](x∗, ξ) ̸= 0
for ξ ∈ N∗

x∗S, then the distribution α∗u ∈ D′(R) is singular at 0.

Proof. Since the intersection of α and S is transversal, we can find the local coordinates
system z = (z0, z1, z2, z3) ∈ R1+3 such that S = {z0 = 0} and

α(t) = (t, α1(t), α2(t), α3(t)).
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In these coordinates, we write

u(z) =

∫
R
eiθz0a(z, θ)dθ,

where the symbol a(z, θ) satisfies

|a(x∗, θ)| ≥ C|θ|N (3.19)

for some N ∈ N, C > 0, and all θ > 1. Then

α∗u(t)

∫
R
eiθtã(t, θ)dθ,

where

ã(t, θ) = a(α(t), θ).

Then, the stationary phase method for the Fourier transform of α∗u(t) gives

F[χα∗u](ξ) =

∫
R

∫
R
eitηχ(t)ã(t, η + ξ)dtdη = χ(0)ã(0, ξ) +R1[χα

∗u](ξ)

= χ(0)a(x∗, ξ) +R1[χα
∗u](ξ).

where χ ∈ C∞
0 (R) is an arbitrary function supported in a neighbourhood of zero and

R1[χα
∗u] is the reminder containing all lower order terms. Therefore, due to (3.19), it

follows that α∗u is singular at 0. □

Proof of Proposition 3.4. We examine two cases: one where x0 lies on the curve µ((−1, 1))
and another where it does not.

Case 1. Assume that x0 ∈ µ((−1, 1)), that is there exists s0 ∈ (−1, 1) such that
x0 = µ(s0). For h > 0 and

ξ̃1 ∈ FLO+(ξ1) ∩ T ∗Ω,

let f1 = f1(·; ξ̃1, h) be the function defined by (3.4) with ξ̃1 in place of ξ1 and u1(·; ξ̃1, h)
be the corresponding solution of (3.10).

We will show that condition (3.18) is satisfied if and only if there exists

ξ̃1 ∈ FLO+(ξ1) ∩ T ∗Ω

such that

s0 ∈ singsupp(µ∗u1(·; ξ̃1, h)) (3.20)

for all h > 0. This equivalence implies that the map f 7→ Lf determines relation (3.18).

Suppose that µ(s0) ∈ π ◦ FLO+(ξ1). We choose ξ̃1 being small perturbation of ξ1
along π ◦ FLO+(ξ1) such that π(ξ̃1) and µ(s0) are not conjugate to each other along
π ◦ FLO+(ξ1). Then, we know that in an open neighbourhood of µ(s0),

FLO+
((

Bh(ξ̃1) ∪Bh(−ξ̃1)
)
∩ L∗

π(ξ̃1)
M

)
is the conormal bundle N∗S of some lightlike hypersurface S. By Proposition 6.6 in
[MU79], we know that

u1(·; ξ̃1, h) ∈ I
(
FLO+

((
Bh(ξ̃1) ∪Bh(−ξ̃1)

)
∩ L∗

π(ξ̃1)
M

))



10 SINGLE OBSERVER DETERMINATION OF LORENTZIAN MANIFOLD

near µ(s0). Since µ(s0) is not conjugate to π(ξ̃1) along FLO+(ξ1), the distribution

u1(·; ξ̃1, h) ∈ I(N∗S) in a small neighbourhood of µ(s0). Furthermore, if ξ̂0 ∈ N∗
µ(s0)

S,

then since
σ[f1(·; ξ̃1, h)](ξ̃1) ̸= 0,

we have that
σ[u(·; ξ̃1, h)](ξ̂0) ̸= 0;

see relation (6.7) in [MU79]. By Lemma 3.5, we conclude that µ∗u1(·; ξ̃1, h) is singular
at s0.

Now suppose the contrary that µ(s0) /∈ π ◦ FLO+(ξ1). Assume that there exists

ξ̃1 ∈ FLO+(ξ1) ∩ T ∗Ω

such that (3.20) is fulfilled. Then, for sufficiently small h > 0, it follows that

µ(x0) /∈ π ◦ FLO+
((

Bh(ξ̃1) ∪Bh(−ξ̃1)
)
∩ L∗

π(ξ̃1)
M

)
.

By Theorem 23.2.9 in [H0̈7], this means that u1(·; ξ̃1, h) solving (3.10) is smooth at µ(s0).
This contradicts the assertion (3.20).

Case 2. Now we assume that x0 /∈ µ((−1, 1)). We will show that condition (3.18) is
satisfied if and only if there exists

ξ̃1 ∈ FLO+(ξ1) ∩ T ∗Ω

such that for any open neighbourhood O of x0 and sufficiently small h > 0 we can find
x̃ ∈ O so that

µ−1(x̂(x̃)) ∈ singsupp
(
µ∗u156(·; ξ̃1, x̃, a, h)

)
, (3.21)

for all a ∈ (0, h). Recall that u156 is the solution of (3.11), that is,{
2u156 = −6u1χa

(
χa⟨D⟩−NδTx̃′

)
,

u156 |(−∞,0)×M0
= 0

(3.22)

where the distribution u1 = u1(·; ξ̃1, h) is defined as in Lemma 3.3 with ξ̃1 in place of ξ1
and χa(·; x̃) ∈ C∞

c (BG(x̃; a)) with χa(x̃; x̃) = 1.

Suppose that (3.18) holds. As in the first case, we choose ξ̃1 to be a small perturbation

of ξ1 along FLO+(ξ1) such that x̃1 = π(ξ̃1) and x0 are not conjugate to each other
along π ◦ FLO+(ξ1). By Proposition 6.6 in [MU79], for all sufficiently small h > 0 and

sufficiently small neighbourhood O of x0, the distribution u1(·; ξ̃1, h) belongs to I(N∗S)

in O for some lightlike hypersurface S. Find x̃ ∈ S so that ξ̃ ∈ N∗
x̃S satisfies

x̂(x̃) /∈ π ◦ FLO+(ξ̃). (3.23)

At the point x̃ there is a unique covector ξ̂ ∈ L∗,+
x̃ M such that x̂(x̃) ∈ π ◦FLO+(ξ̂). Due

to (3.23), we have that ξ̂ ̸= ξ̃. We decompose the solution of (3.22) as

u156 = using + ureg,

where using and ureg are the solution of the following equations{
2ureg = −6 (1− ω(x,D))

(
u1χa

(
χa⟨D⟩−NδTx̃′

))
,

ureg |(−∞,0)×M0
= 0

(3.24)
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and {
2using = −6ω(x,D)

(
u1χa

(
χa⟨D⟩−NδTx̃′

))
,

using |(−∞,0)×M0
= 0.

(3.25)

The microlocal cutoff ω(x,D) ∈ Ψ0(M) is homogeneous of degree zero, supported in

Bĥ(ξ̂)∪Bĥ(−ξ̂), and takes the value 1 in Bĥ/2(ξ̂)∪Bĥ/2(−ξ̂). Since ξ̂ ̸= ξ̃, we have that

if ĥ > 0 is sufficiently small,

ξ̃ /∈ Bĥ(ξ̂) ∪Bĥ(−ξ̂). (3.26)

We need to show that for all a > 0 sufficiently small,

x̂(x̃) /∈ singsupp(ureg) and µ−1(x̂(x̃)) ∈ singsupp(µ∗using). (3.27)

We first look at the inhomogeneous term in (3.25). Since u1 ∈ I(N∗S) near x̃ with

σ[u1](x̃, ξ̃) ̸= 0, (3.26) indicates that

ω(x,D)
(
u1χa

(
χa⟨D⟩−NδTx̃′

))
∈ I(T ∗

x̃M)

with nonvanishing symbol at ξ̂. By (6.7) in [MU79], near x̂(x̃), using is Langrangian

distribution whose symbol along FLO+(ξ̂) is nonvanishing. And since the lightlike
geodesic segment from x̃ to x̂(x̃) can be extended without creating conjugate points,
using is actually a conormal distribution near x̂(x̃). Using Lemma 3.5, we get that
µ−1(x̂(x̃)) ∈ singsupp(µ∗using). This is the second part of (3.27)

For the first part of (3.27), we observe that π ◦ FLO+(ξ̂) is the unique causal curve
joining x̃ and x̂(x̃). Therefore, we can choose a > 0 sufficiently small such that if
ξ ∈ L∗

x̂(x̃)M satisfies

π ◦ FLO−(ξ) ∩ T ∗BG(x̃; a) ̸= ∅,
then

FLO−(ξ) ∩ T ∗BG(x̃; a) ⊂ Bĥ/2(ξ̂) ∪Bĥ/2(−ξ̂).
But ω(x,D) is constructed so that the inhomogeneous term of (3.24) is not microlocally

supported in Bĥ/2(ξ̂)∪Bĥ/2(−ξ̂). So by Theorem 23.2.9 in [H0̈7], x̂(x̃) /∈ singsupp(ureg).

Finally, assume there exists ξ̃1 ∈ FLO+(ξ1) ∩ T ∗Ω such that (3.21) holds. Then,
for sufficiently small h > 0 and all open sets O containing x0 there is x̃ ∈ O such
that u156(·; ξ̃1, x̃, h, a) solving (3.22) has a singularity at x̂(x̃) for all a ∈ (0, h). Since
x0 /∈ µ((−1, 1)) we limit the statement to those open sets O which do not intersect

µ((−1, 1)). Therefore, x̃ /∈ µ((−1, 1)). Hence, we conclude that u1(·; ξ̃1, h) has a singu-
larity singularity at some x̃ ∈ O for all open sets O containing x0. This means that for
all sufficiently small h > 0, x0 ∈ singsupp(u1(·; ξ̃1, h)). Therefore,

x0 ∈ π ◦ FLO+(Bh(ξ1) ∩ L∗
x0M)

for all h > 0, and hence, (3.18) holds. □

The next Proposition verifies that R defined in (3.17) is a three-to-one scattering
relation as per [FLO21]:

Proposition 3.6. The relation R defined in (3.17) is a three-to-one scattering relation.

Theorem 1.1 is then a corollary of Proposition 3.6 by using the result of [FLO21].
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4. Flowout from interaction curve

In this section, for a spacelike curve K ⊂ M , we will identify (N∗K ∩ L∗,+M)/R+

with

{η ∈ N∗
yK ∩ L∗,+

y M | y = (t, y′) ∈ K, η = −dt+ η′, η′ ∈ T ∗
y′M0, ∥η′∥κ(t,·) = 1}.

Let ŷ ∈ K and suppose

η̂ ∈ (L∗,+
ŷ M ∩N∗

ŷK)/R+ and ŝ ∈ (0, ρ(η̂)).

We begin with two auxiliary results.

Lemma 4.1. There exists δ > 0 and an open subset

U ⊂ (N∗K ∩ L∗,+M)/R+

containing η̂ such that ŝ+ δ < ρ(η) for all η ∈ U .

Proof. Suppose the contrary. Then there exist sequences δj > and

ηj ∈ (L∗,+
ŷ M ∩N∗

ŷK)/R+

such that δj → 0, ηj → η̂, and
δj + ŝ ≥ ρ(ηj).

Taking the limit we get
ŝ ≥ lim inf ρ(ηj) ≥ ρ(η̂)

by lower semi-continuity of ρ(·). This contradicts our assumption that ŝ ∈ (0, ρ(η̂)). □

Lemma 4.2. Let
Λ := FLO+(N∗K ∩ L∗,+M),

then for any λ ∈ Λ there exists V ∈ T ∗M an open conic neighbourhood of λ such that
V ∩Λ is a conic subset of N∗S for some lightlike submanifold S ⊂M of codimension 1.

Proof. Since Λ is a Lagrangian manifold Proposition 3.7.2 in [Dui96] implies that any
λ ∈ Λ has conic neighbourhood V ∈ T ∗M such that S := π(V ∩ Λ) is a k-dimensional
submanifold of M and V ∩ Λ is an open subset of N∗S.

Next, we show that k = 1. Assume that k > 0. Let x ∈ S. Since Λ ∩ V is an
open conic subset of N∗S, we conclude that π−1(x) ∩ (V ∩ Λ) is an open subset of
N∗S, therefore, contains an open convex subset U . Since k > 1, U contains two linearly
independent lightlike covectors together with their nontrivial convex combinations which
are not lightlike. This contradicts to the fact that all covectors in U ⊂ Λ are lightlike,
so that k = 1. □

Proposition 4.3. There exist sequences

ηj ∈ (N∗
yk
K ∩ L∗,+

yk
M)/R+ and sj ∈ (0, ρ(ηj))

converging to η̂ and ŝ, respectively, such that the following condition holds: For each
j ∈ N, we can find sufficiently small h > 0 and open set Oj ⊂M containing zj := γηj (sj)
so that

FLO+(N∗Γj;h ∩ L∗M) ∩ T ∗Oj
is the conormal bundle of a lightlike hypersurface, where

Γj;h := {y ∈ K | dG(y, yj) < h}.
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Furthermore, for each j ∈ N there exists a conic open set Uj ⊂ T ∗M containing ηj
such that

π ◦ FLO+(N∗Γj;h ∩ L∗M) ∩ Oj ∼=
(
Uj ∩N∗Γj;h ∩ L∗,+M

)
/R+ × (−δ + sj , sj + δ)

for some δ > 0 depending on j ∈ N and h > 0.

Proof. Let λj ∈ Λ be a sequence converging to λ̂ := Φŝ(η̂). By Lemma 4.2, for each
j ∈ N, there exists an open conic set Vj ⊂ T ∗M containing λj and lightlike hypersurfaces
Sj ⊂ M of codimension one such that Vj ∩ Λ is a conic open subset of N∗Sj . So the
projection π(Vj ∩Λ) = Oj ∩ Sj for some open set Oj ⊂M . We set zj := π(λj) ∈ Sj and
choose sequences

ηj ∈ (N∗K ∩ L∗,+M)/R+ and sj > 0

converging to η̂ and ŝ, respectively, such that Φsj (ηj) = λj . Due to Lemma 4.1, for
sufficiently large j ∈ N, it follows that

sj < ρ(ηj). (4.1)

Without loss of generality, we assume that this holds for all j ∈ N. Therefore, by
applying Lemma 4.1 to (ηj , sj), we find δj > 0 and open subset

Uj ⊂ (N∗K ∩ L∗,+M)/R+

containing ηj such that sj + δj < ρ(η) for all η ∈ Uj . Without loss of generality, we may
choose Uj and δj to be small so that

Φs(η) ∈ Vj ∩ Λ = N∗Sj ∩ T ∗Oj , (4.2)

for all s ∈ (sj − δj , sj + δj) and η ∈ Uj . Consequently,

π ◦ Φs(η) ∈ Sj ∩ Oj , (4.3)

for all s ∈ (sj − δj , sj + δj) and η ∈ Uj .
We now need to verify that for each j ∈ N we can choose h > 0 sufficiently small and

Õj ⊂⊂ Oj containing zj so that the entire flowout from N∗Γj;h ∩ L∗,+M satisfies

FLO+(N∗Γj;h ∩ L∗,+M) ∩ T ∗Õj ⊂ N∗Sj .

Suppose this statement fails to hold. Then, for each j ∈ N, there is a sequence

{ηj;k}k∈N ⊂ (N∗K ∩ L∗,+M)/R+

with π(ηj;k) converging to yj and some bounded sequence rj;k ∈ R such that

π ◦ Φrj;k(ηj;k) → zj

but Φrj;k(ηj;k) /∈ N∗Sj for all k ∈ N.
Suppose that ηj;k ∈ Uj for some k ∈ N. Due to (4.2), this implies that

rj;k /∈ (sj − δj , sj + δj).

If for fixed j ∈ N, there are infinitely many ηj;k ∈ Uj , then there exists a limit point
(η̃j , r̃j) of the sequence (ηj;k, rj;k) such that

η̃j ∈ N∗
yjK ∩ L∗,+

yj M ∩ Ūj , r̃j /∈ (sj − δj , sj + δj),

and π◦Φr̃j (η̂j) = zj . Clearly η̃j ̸= ηj or we will have a self-intersecting lightlike geodesic.
So we now have two distinct causal paths joining yj and zj contradicting (4.1); see
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Lemma 6.5 in [FLO21]. Therefore, we can conclude that for each fixed j ∈ N there are
only finitely many ηj;k in Uj .

Without loss of generality, ηj;k /∈ Uj for all k ∈ N. Then, there exists a limit point
(η̃j , r̃j) of the sequence (ηj;k, rj;k) such that η̃j /∈ Uj . On the other hand,

π ◦ Φrj;k(ηj;k) → zj = π ◦ Φsj (ηj),

and hence, we have two distinct causal curves joining zj and yj , contradicting (4.1). □

5. On the regularity of the interaction of waves

In this section, we investigate the regularity of the waves defined in Section 3.3.

Lemma 5.1. Assume that (3.14) and (3.15) are satisfied. We have that for j = 1, 2, 3
and h > 0 sufficiently small, uj |O is smooth and that x̂(x̃) /∈ singsupp(uj).

Proof. By condition (3.14), for all h > 0 sufficiently small, we have that

π ◦ FLO+(Bh(ξj) ∩ L∗,+
xj M) ∩ O = ∅.

By Lemma 3.3, each uj satisfies that

singsupp(uj) ⊂ π ◦ FLO+(Bh(ξj) ∩ L∗,+
xj M).

Therefore, singsupp(uj) ∩ O = ∅.
Similarly, by condition (3.15), we have that if h > 0 is small enough,

x̂(x̃) /∈
3⋃
j=1

π ◦ FLO+(Bh(ξj) ∩ L∗,+
xj M).

So x̂(x̃) /∈ singsupp(uj).
□

Lemma 5.2. For a ∈ (0, h) sufficiently small, it follows that uαβγ = 0, where α, β,
γ ∈ {0, 4, 5, 6} are distinct.

Proof. Since α, β, γ are distinct, we may assume that α < β < γ. In particular,
α ∈ {0, 4} and γ ∈ {5, 6}. Then supp(uα) and supp(uγ) do not intersect, and hence,
(3.11) becomes 2guαβγ = 0. Taking into account the trivial initial condition, we conclude
uαβγ = 0. □

Lemma 5.3. Assume that (3.14) and (3.15) are satisfied. Then, for a ∈ (0, h) suffi-
ciently small, it follows:

(1) For j ∈ {1, 2, 3} and α, β ∈ {0, 4, 5} distinct,

WF(ujαβ) = ∅;

(2) For j ∈ {1, 2, 3} and α ∈ {0, 4, 5},

WF(ujα6) ⊂ WF(u6);

(3) For j ∈ {1, 2, 3}, α ∈ {0, 4}, and β ∈ {5, 6},

ujαβ = 0.
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Proof. (1) In Section 3.3, we established that

2gujαβ = −6ujuαuβ.

Recall that x̃, x0 ∈ O and

u0 = u4 = χa(·;x0) u5 = χa(·; x̃).

Therefore, for sufficiently small a ∈ (0, h), uα and uβ are supported in O. Hence, Lemma
5.1 implies that ujuαuβ ∈ C∞(M), and consequently, ujαβ ∈ C∞(M).

(2) Similarly, we know that

2gujα6 = −6ujuαu6.

For sufficiently small a ∈ (0, h), we have that supp(uα) ⊂ O and supp(u6) ⊂ O compactly.
By Lemma 5.1, uj |O ∈ C∞(O), so that WF(ujuαu6) ⊂ WF(u6). Since WF(u6) is
spacelike, by ellipticity of 2g in spacelike directions, we obtain WF(ujα6) ⊂ WF(u6).

(3) By definition supp(uα) ⊂ Ba(x0) and supp(uβ) ⊂ Ba(x̃). Since x0 and x̃ are
distinct, for sufficiently small a ∈ (0, h), it follows that

2gujαβ = −6ujuαuβ = 0.

Taking into account the trivial initial condition, we obtain ujαβ = 0. □

Lemma 5.4. Assume that (3.14) and (3.15) are satisfied. Then, for a ∈ (0, h) suffi-
ciently small,

(1) For j, k ∈ {1, 2, 3} distinct and α ∈ {0, 4, 5},

WF(ujkα) = ∅;

(2) For j, k ∈ {1, 2, 3} distinct,

WF(ujk6) ⊂ WF(u6).

Proof. (1) By Lemma 5.1, ujuk is smooth on O. For sufficiently small a > 0, we obtain
supp(uα) ⊂ O, so that ujukuα ∈ C∞

0 (M). Hence, since ujkα satisfies

2gujkα = −6ujukuα

and the trivial initial condition, we obtain ujkα ∈ C∞(M).
(2) Similarly, by construction, u6 is supported in O with spacelike wavefront set. Since

ujk6 satisfies

2gujk6 = −6ujuku6

with the trivial initial condition, the elliptic regularity gives WF(ujk6) ⊂ WF(u6). □

Lemma 5.5. Let α ∈ {0, 4}, β ∈ {5, 6}, and m, n ∈ {0, · · · , 6} be distinct numbers.
Then, for a ∈ (0, h) sufficiently small,

uαumnβ = 0.

Proof. By the finite speed of the wave propagation, supp(umnβ) is a subset of the future
causal cone of BG(x̃; a), and hence, does not intersect supp(uα). □

Lemma 5.6. Assume that (3.14) and (3.15) are satisfied. Then, for a ∈ (0, h) suffi-
ciently small,
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(1) For j, k ∈ {1, 2, 3} distinct,

WF(ujk045) = ∅;
(2) For j, k ∈ {1, 2, 3} distinct and α, β ∈ {0, 4, 5} distinct,

WF(ujkαβ6) ⊂ WF(u6);

(3) For j ∈ {1, 2, 3},
WF(uj0456) ⊂ WF(u6);

Proof. (1) If a ∈ (0, h) is sufficiently small, then the supports of u0 and u4 do not
intersect the support of u5, so that

u0u5ujk4 = u4u5ujk0 = 0.

Moreover, by Lemma (5.3),

ujuku045 = uju0uk45 = uju4uk05 = uku0uj45 = uku4uj05 = 0.

Therefore, (3.12) gives

2gujk045 = −2(uju5uk04 + uku5uj04 + u0u4ujk5).

Note that u5 is supported in O and uj , uk are smooth in O, moreover, u0, u4 ∈ C∞(M).
Therefore, Lemmas 5.3 and 5.4 imply that the right-hand side of the last equation is
smooth so that (1) holds.

(2) Without lost of generality, we assume that α < β so that α ∈ {0, 4}. As is the
previous part, for sufficiently small a ∈ (0, h), it follows that

uαu6ujkβ = ujuβukα6 = ukuβujα6 = ujukuαβ6 = 0.

For the last term, we used Lemma 5.2. Therefore, (3.12) becomes

2gujkαβ6 = −(ujuαukβ6 + uju6ukαβ + ukuαujβ6 + uku6ujαβ + uαuβujk6 + uβu6ujkα)

As in the previous part, ujuα, ukuα, uαuβ, ujαβ, and ujkα are smooth. By Lemmas 5.3
and 5.4, WF(ukβ6), WF(ujk6) ⊂ WF(u6). Therefore, the wavefront set of the right-hand
side belongs to WF(u6), and hence, the ellipticity of 2g in spacelike directions gives (2).

(3) By Lemmas 5.2 and 5.3, (3.12) becomes

2guj0456 = −2(u5u6uj04 + u0u4uj56).

By Lemma 5.3, uj04 is smooth and WF(uj56) ⊂ WF(u6). Hence, WF(uj0456) ⊂ WF(u6).
Here, we also used that u0, u4, and u5 are smooth. □

Lemma 5.7. Let α ∈ {0, 4}, β ∈ {5, 6}, and m, n, τ , γ ∈ {0, · · · , 6} be distinct numbers.
Then, for a ∈ (0, h) sufficiently small and , it follows

uαumnτγβ = 0.

Proof. We recall that

2gumnτγβ = −
∑
σ∈S4

uσ(m)uβuσ(n)σ(τ)σ(γ) −
∑
σ∈S4

uσ(m)uσ(n)uσ(τ)σ(γ)β

where S4 is the permutation group on {m,n, τ, γ}. The first sum is supported inBG(x̃; a),
while the second sum is supported in the future causal cone of BG(x̃; a). Therefore,
supp(umnτγβ) is a subset of the future causal cone of BG(x̃; a). Therefore, for sufficiently
small a > 0, supp(umnτγβ) does not intersect supp(uα). □



SINGLE OBSERVER DETERMINATION OF LORENTZIAN MANIFOLD 17

We set ureg to be the solution of

2gureg =
∑

σ∈S7,σ /∈S5

uσ(5)uσ(6)uσ(0)σ(1)σ(2)σ(3)σ(4) +
∑
σ∈S7

uσ(0)uσ(1)σ(2)σ(3)uσ(4)σ(5)σ(6) (5.1)

where we use S5 ⊂ S7 to denote the subset of S7 which maps {0, . . . , 4} to itself. Then
we can write

u0123456 = ureg + using, (5.2)

where {
2gusing = Cu5u6u01234,

using|(−∞,0)×M0
= 0,

(5.3)

for some C ∈ N.

Lemma 5.8. Assume that (3.14) and (3.15) are satisfied. Then, for sufficiently small
a ∈ (0, h), ureg is smooth at x̂(x̃).

Proof. Due to Lemma, we obtain∑
σ∈S7,σ /∈S5

uσ(5)uσ(6)uσ(0)σ(1)σ(2)σ(3)σ(4) = A
∑
σ∈S3

(
uσ(j)uσ(k)uσ(l)0456

+uσ(j)u5uσ(k)σ(l)046 + uσ(j)u6uσ(k)σ(l)045
)
,

for some A ∈ N, where S3 is the permutation group on {j, k, l}. Lemma 5.6 implies that
the wavefront set of the right-hand side belongs to

WF(u6) ∪WF(u1) ∪WF(u2) ∪WF(u3) ∪

 3⋃
j,k

(WF(uj) +WF(uk))

 .

Similarly, Lemma 5.7 implies∑
σ∈S7

uσ(0)uσ(1)σ(2)σ(3)uσ(4)σ(5)σ(6) = B
∑
σ∈S3

uσ(j)uσ(k)04uσ(l)56.

Due to Lemma 5.3, the wavefront set of the right-hand side belongs to

WF(u6) ∪WF(u1) ∪WF(u2) ∪WF(u3).

We summarize,

WF(2gureg) ⊂ WF(u6) ∪WF(u1) ∪WF(u2) ∪WF(u3) ∪

 3⋃
j,k

(WF(uj) +WF(uk))

 ,

and hence,

WF(2gureg) ∩ L∗M ⊂ WF(u1) ∪WF(u2) ∪WF(u3),

As the wavefront set of u1, u2, and u3 are lightlike flowouts from point sources, we
conclude that u′reg solving (5.1) must satisfy

WF(ureg) ⊂ WF(u1) ∪WF(u2) ∪WF(u3).

The above inclusion in conjunction with Lemma 5.1 completes the proof. □
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We will also need more information about the singularity of u01234. We set vreg to be
the solution of {

2gvreg =
∑

σ∈S5\S3
uσ(0)uσ(4)uσ(1)σ(2)σ(3)

vreg|(−∞,0)×M0
= 0,

where S3 ⊂ S5 is the subset of S5 which maps the set {1, 2, 3} to itself. Then we can
write

u01234 = vreg + vsing (5.4)

where {
2gvsing = Cu0u4u01234,

vsing|(−∞,0)×M0
= 0,

for some C ∈ N. Next, we show that vreg is smooth near x0.

Lemma 5.9. Assume that (3.14) and (3.15) are satisfied. Then there exists an open
neighbourhood O of x0 such that, for all 0 < a < h sufficiently small

singsupp(vreg) ∩ O = ∅

.

Proof. The source terms on the right side are of the form ujkαuβul and uj04ukul where
j, k, l ∈ {1, 2, 3} and α, β ∈ {0, 4} are distinct. Using Lemma 5.3 and Lemma 5.4 we see
that

WF

 ∑
σ∈S5\S3

uσ(0)uσ(4)uσ(1)σ(2)σ(3)

 ⊂
3⋃
j=1

WF(uj) ∪
3⋃

j,k=1

(WF(uj) +WF(uk)) .

By Lemma 5.1 we have that there exists a small neighbourhood O containing x0 such
that

WF(uj) ∩ T ∗O = ∅, j = 1, 2, 3. (5.5)

Then

WF

 ∑
σ∈S5\S3

uσ(0)uσ(4)uσ(1)σ(2)σ(3)

 ∩ T ∗O = ∅.

So for this choice of O, if ξ ∈ T ∗O is in the wavefront of vreg then it must be in L∗O

and FLO−(ξ) intersects
⋃3
j=1WF(uj). However, as each WF(uj) is the lightlike flowout

of a point source, if FLO−(ξ) intersects one of WF(uj) then ξ ∈ WF(uj) contradicting
(5.5). □

6. Necessary Condition to Belonging to R

The point of this section is to prove that (ξ0, ξ1, ξ2, ξ3) ∈ R implies

π ◦ FLO−(ξ0) ∩
3⋂
j=1

π ◦ FLO+(ξj) ̸= ∅.
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Throughout this section, it is assumed that (ξ0, ξ1, ξ2, ξ3) ∈ R, unless explicitly stated
otherwise. Moreover, we choose an open set O ⊂ Ω containing x0 small enough so that

O ∩ π ◦ FLO+(ξ0) ⊂ {x = γη(s) : η ∈ L∗,+
x0 M and s < ρ(η)}. (6.1)

We begin with the following auxiliary lemmas.

Lemma 6.1. Let U ⊂ T ∗M be an open set containing ξ0 and −ξ0. Then, for sufficiently
small a > 0,

FLO−(ξ̃) ∩ T ∗BG(x0; a) ⊂ U (6.2)

for all ξ̃ ∈ L∗
x̃M .

Proof. Assume that (6.1) does not hold. Then there exist a sequence ak tending to zero,

unit covectors ξ̃(ak) ∈ L∗,−
x̃ M , and η(ak) ∈ L∗,−M such that

η(ak) ∈ FLO−(ξ̃(ak)) ∩ T ∗BG(x0; ak) and η(ak) /∈ U. (6.3)

Let ξ̃ ∈ L∗,−
x̃ M be a limit point of the sequence ξ̃(ak). Without loss of generality,

ξ̃(ak) → ξ̃ as k → ∞. Then, x0 ∈ π ◦ FLO−(ξ̃) and

η(ak) → η := FLO−(ξ̃) ∩ T ∗
x0BG(x0; a) as k → ∞. (6.4)

Additionally, we know that x̃ ∈ π ◦ FLO+(ξ0), and hence, there exists ξ̃0 ∈ L∗,−
x̃ M such

that x0 ∈ expx̃(ξ̃0). Without loss of generality, Φ1(ξ̃0) = ξ0. Since (6.1), Lemmas 6.8
and 6.5 in [FLO21] imply that η = αξ0 for some non-zero α.

Then, by hypothesis, η ∈ U . This contradicts to (6.3) and the fact that U is an open
conic set, and hence, (6.1) holds. □

Proposition 6.2. If (ξ0, ξ1, ξ2, ξ3) ∈ R, then ξ0 ∈ WF(u123) or −ξ0 ∈ WF(u123) for all
h > 0 sufficiently small.

Proof. By definition R, we know that there is x̃ ∈ O ∩ FLO+(ξ0) such that

x̃ ̸= π(ξ0), x̃ /∈ µ([0, 1]), ˆ̃x /∈
3⋃
j=1

π ◦ FLO+(ξj),

and

x̂(x̃) ∈ singsupp(u0123456). (6.5)

Moreover, conditions (3.14) and (3.15) are satisfied. We choose h > 0 small enough
so that for any a ∈ (0, h) the hypotheses of Lemma 6.1 and all results of the previous
sections are fulfilled. Decomposition (5.2) and Lemma 5.8 imply

x̂(x̃) ∈ singsupp(using),

for any a ∈ (0, h), where

2gusing = Cu5u6u01234.

Since (6.5) holds for all a ∈ (0, h), we conclude that

x̃ ∈ singsupp(u01234).

Similarly, by decomposition (5.4) and Lemma 5.9,

x̃ ∈ singsupp(vsing), for all a ∈ (0, h), (6.6)
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where

2gvsing = Cu0u4u123.

Since x̃ /∈ suppu0u4 ⊂ BG(x0; a) for sufficiently small a ∈ (0, h), we derive that
WFx̃(vsing) ⊂ L∗

x̃M . Moreover, the last equation implies that

FLO− (WFx̃(vsing)) ∩WF(u0u4u123) ̸= ∅.

Therefore, since WF(u0u4u123) ⊂ T ∗BG(x0, a) ∩WF(u123), there exists an element

η ∈ FLO− (WFx̃(vsing)) ∩ T ∗BG(x0, a) ∩WF(u123).

By Lemma 6.1, any open conic neighbourhood of {−ξ0, ξ} contains η. In particular any
open conic neighbourhood of {−ξ0, ξ} intersects WF(u123). Recalling that WF(u123) is
closed, we complete the proof. □

Now we are ready to prove the main result of this section.

Proposition 6.3. If (ξ0, ξ1, ξ2, ξ3) ∈ R then

π ◦ FLO−(ξ0) ∩
3⋂
j=1

π ◦ FLO+(ξj) ̸= ∅.

Proof. Due to Proposition 6.2, there is h0 > 0 such that ξ0 ∈ WF(u123) or −ξ0 ∈
WF(u123) for all h ∈ (0, h0). Let us assume ξ0 ∈ WF(u123) as the argument for the
other case is analogous. The distribution u123 solves{

2gu123 = −6u1u2u3,

u123|(−∞,0)×M0
= 0.

This means that

FLO−(ξ0) ∩WF(u1u2u3) ̸= ∅
for all h ∈ (0, h0). We also know that

WF(u1u2u3) ⊂

 3⋃
j=1

WF(uj)

 ∪

 3⋃
j,k=1

(WF(uj) +WF(uk))

 ∪

 3∑
j=1

WF(uj)

 .

Since FLO−(ξ0) ⊂ L∗M and

(WF(uj) +WF(uk)) ∩ L∗M ⊂ WF(uj) ∪WF(uk),

it follows

FLO−(ξ0) ∩WF(u1u2u3) ⊂

FLO−(ξ0) ∩
3⋃
j=1

WF(uj)

 ∪

FLO−(ξ0) ∩
3∑
j=1

WF(uj)

 ,

for all h ∈ (0, h0). In light of Lemma 5.1, we know thatFLO−(ξ0) ∩
3⋃
j=1

WF(uj)

 = ∅,
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for all h ∈ (0, h0). It must therefore hold thatFLO−(ξ0) ∩
3∑
j=1

WF(uj)

 ̸= ∅,

and hence,

π ◦ FLO−(ξ0) ∩
3⋂
j=1

singsupp(uj) ̸= ∅ (6.7)

for all h ∈ (0, h0). Now each uj solves{
2guj = fj ,

uj |(−∞,0)×M0
= 0

with WF(fj) ⊂ (Bh(ξj) ∪Bh(−ξj)) ∩ T ∗
xjM . So for each h ∈ (0, h0),

singsupp(uj) ⊂ π ◦ FLO+(Bh(ξj) ∩ L∗
xjM).

Substitute this into (6.7) we have that

π ◦ FLO−(ξ0) ∩
3⋂
j=1

π ◦ FLO+(Bh(ξj) ∩ L∗
xjM) ̸= ∅

for all h > 0. Taking intersection overall h ∈ (0, h0) and use compactness of the causal
diamond due to global hyperbolicity we have that

π ◦ FLO−(ξ0) ∩
3⋂
j=1

π ◦ FLO+(ξj) ̸= ∅.

□

Finally, we show that this result also holds for elements of R:

Corollary 6.4. If (ξ0, ξ1, ξ2, ξ3) ∈ R then

π ◦ FLO−(ξ0) ∩
3⋂
j=1

π ◦ FLO+(ξj) ̸= ∅.

Proof. Let (ξj0, ξ
j
1, ξ

j
2, ξ

j
3) ∈ R with

(ξj0, ξ
j
1, ξ

j
2, ξ

j
3) → (ξ0, ξ1, ξ2, ξ3).

By Proposition 6.3 we have for each j ∈ N there exists

yj ∈ π ◦ FLO−(ξj0) ∩
3⋂

k=1

π ◦ FLO+(ξjk).

As the sequence yj is contained in a fixed causal diamond, we may assume the entire
sequence converges to y due to global hyperbolicity. By continuity, we then have that

y ∈ π ◦ FLO−(ξ0) ∩
3⋂

k=1

π ◦ FLO+(ξk).



22 SINGLE OBSERVER DETERMINATION OF LORENTZIAN MANIFOLD

□

7. Sufficient condition

Lemma 7.1. Assume that (ξ0, ξ1, ξ2, ξ3) ∈ (L∗,+Ω)
4
satisfies (a), (b), and (c). We also

assume that (3.13) holds for ξ0. Then (ξ0, ξ1, ξ2, ξ3) contains in R.

Proof. We begin by showing that the second half of the non-return condition holds, that
is, (3.14) is satisfied. Due to conditions (a) and (b), we know that γξ0 and γξj are distinct
and

γξ0(s0) = γξj (sj) = y, j = 1, 2, 3,

for some y ∈ M , s0 ∈ (−ρ(ξ0), 0), and sj ∈ (0, ρ(ξj)). In particular, γξ0 is the unique
optimizing geodesic segment from x0 to γξ0(s) for any s ∈ (−ρ(ξ0), s0]. Therefore, γξj
does not pass x0, and hence, relation (3.14) holds.

Next, we will show that the desirable condition holds. For h0 > 0, we write

Kj := FLO+
(
(Bh0(ξj) ∪Bh0(−ξj)) ∩ L∗,+

xj M
)
, for j = 1, 2, 3,

where xj = π(ξj) and Bh(ξ) is the set defined by (3.3). As sj < ρ(ξj) by condition
(b), there exists a characteristic submanifold Kj ⊂ M of codimension one such that
Kj = N∗Kj near y. Since the covectros η1, η2, and η3 are lightlike, they are linearly
dependent only if two of them are proportional, which is not the case due to condition
(a). Therefore, the covectors η1, η2, and η3 are linearly independent. It follows that K1,
K2, and K3 are transversal for small h0 > 0, and hence,

K := K1 ∩K2 ∩K3

is a smooth curve. Moreover, K is a spacelike curve. Indeed, let ỹ ∈ K and let v ∈ TỹK
be nonzero. Then, for j = 1, 2, 3, it follows that v ∈ TỹKj and there is η̃j ∈ L∗

ỹM , small

perturbations of ηj , such that ⟨η̃j , v⟩ = 0. This implies that v is spacelike, and hence, K
is a spacelike curve.

We know that

N∗
yK = N∗

yK1 ⊕N∗
yK2 ⊕N∗

yK3 = span(η1, η2, η3),

and hence, condition (c) implies η0 ∈ N∗
yK. Therefore, due to Proposition 4.3, there

exist sequences
η0,k ∈ N∗K ∩ L+,∗M, s0,k > 0,

converging to η0 and s0, respectively, a sequence of sufficiently small hk > 0, and open
sets Ok containing x0,k := γη0,k(s0,k) such that

FLO+(N∗Γk;hk ∩ L
∗M) = N∗Yk (7.1)

in Ok for some characteristic submanifolds Yk ⊂M of codimension one. Here,

Γk;hk = {y ∈ K | dG(y, yk) < hk},
and yk = π(η0,k) ∈ K. As η0,k ∈ N∗

yk
K ∩ L∗,+M there exist sequences

ηj,k ∈ N∗
yk
Kj ∩ L∗,+M, j = 1, 2, 3,

such that η0,k ∈ span(η1,k, η3,k, η3,k). Moreover, since Kj are submanifolds of codimen-
sion one and η0,k → η0, we may choose ηj,k so that ηj,k → ηj .
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Let j = 1, 2, 3 and k ∈ N, then we denote by ξj,k the covector version of γ̇ηj,k(−sj,k),
where sj,k > 0 is chosen so that π(ξj,k) = xj . Since (3.13) is satisfied, it follows that
γξ0,k does not intersect x̂(x0,k) for sufficiently large k. Moreover, for any τ0 > 0 small
enough, the map

(0, τ0) ∋ τ 7→ x̂(γξ0,k(τ)) (7.2)

is injective. Otherwise, a pair of points on a lightlike geodesic segment contained in Ω
would be joined by two distinct causal geodesics which contradicts our assumption that
lightlike segments in Ω do not contain a pair of conjugate points. We can conclude then
that the range of the map (7.2) must contain infinitely many points. Therefore we can
find τk ∈ (0, r0) such that x̃k := γξ0,k(τk) satisfies

x̂(x̃k) /∈
3⋃
j=1

(
π ◦ FLO+(ξj,k)

)
.

Moreover, by choosing τ0 small enough, we are able to make x̃k to be as close as we want
to x0,k. Therefore, condition (3.15) is satisfied.

Next, we aim to show that (ξ0,k, ξ1,k, ξ2,k, ξ3,k) satisfies the remaining part of the
desirable condition for sufficiently large k. To do this, we choose {fj,k}6j=0 to be the

distributions defined by (3.4), (3.5), (3.8), and (3.6), where

{ξ1; ξ2; ξ3;x0; x̃}

is replaced by

{ξ1,k; ξ2,k; ξ3,k;x0,k; x̃k} ,
respectively. Correspondingly, we define the linearized solutions as in (3.9):

ukm, ukm,n, · · · , uk0123456, for m,n ∈ {0, 1, · · · , 6} and k ∈ N,

where the sources {fj}6j=0 are replaced by {fj,k}6j=0.

By definition, ukj is singular on

Kj,k;h = FLO+((Bh(ξj,k) ∪Bh(−ξj,k)) ∩ L∗,+
xj M), for j = 1, 2, 3 and h > 0.

If h > 0 is small and k is large enough, then Kj,k;h ⊂ Kj . Moreover, near yk = π(η0,k)

we write Kj,k;h = N∗Kj,k;h, and hence,
⋂3
j=1Kj,k;h ⊂ Γk;hk for sufficiently small h > 0.

Furthermore, near yk, u
k
j is a conormal distribution associated to N∗Kj,k;h and

σ[ukj ](yk,±ηj,k) ̸= 0, for j = 1, 2, 3. (7.3)

For large k, the product u1u2u3 is a conormal distribution associated to N∗Γk;hk microlo-
cally near η0,k. This follows from the product calculus of conormal distributions. Indeed,
analogously to η3 /∈ span(η1, η2) that was proven above, we have η0 /∈ span(ηj , ηj′) for
all j, j′ = 1, 2, 3, and this implies η0,k /∈ span(ηj,k, ηj′,k) for large k. Due to (7.3), the
product calculus yields that

σ[uk1u
k
2u

k
3](yk, η0,k) ̸= 0.
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Let βη0,k be the bicharacteristic through η0,k and write ξ0,k = βη0,k(s0,k). We note

that ξ0,k → ξ0. Due to the transport equation satisfied by σ[uk123] along βη0,k we have

σ[uk123](ξ0,k) ̸= 0. (7.4)

Observe that we need to use the general theory of Lagrangian distributions since there
might be focal points of π ◦ FLO+(N∗Γk;hk ∩ L∗M) along γη0,k between yk and x0,k.

The second half of the non-return condition, relation (3.14), implies that

ξ0,k /∈ FLO+(ξj,k), j = 1, 2, 3,

for sufficiently large k. Since conditions (3.14) and (3.15) are satisfied, by Lemma 5.9,
there are exist a constant c4 ̸= 0 and a distribution r4 such that r4 is smooth in the
neighbourhood Ok chosen in (7.1) and

2g(u
k
01234 + r4) = c4u

k
0u

k
4u

k
123. (7.5)

Observe that uk01234 is a conormal distribution associated to Yk, see (7.1), near x0,k.
Moreover, for each ξ0,k fixed, we can choose τ > 0 so that γξk,0(τ) ∈ Ok. We now choose
a > 0 defined in (3.5) to be sufficiently small so that γξ0,k(τ) /∈ supp(u0) = supp(u4).
Let us show that

σ[uk01234](βξ0,k(τ)) ̸= 0. (7.6)

Indeed, recall that 2g is a second-order PDO with a real homogeneous principal sym-

bol. Therefore, it has parametrix Q ∈ I−
3
2
,− 1

2 (∆T ∗M ,Λ2g), see for instance [MU79].
Moreover, since

FLO+ (N∗Γk,hk ∩ L
∗M) ⊂ Σ(2g),

Proposition 2.3 in [GU93] implies that

Q : Ir(N∗Yk,Ω
1/2) 7→ Ir−1(N∗Yk,Ω

1/2).

In particular, we know that uk01234 ∈ I(N∗Yk,Ω
1/2).

Since (7.1) holds in a neighbourhood Ok of x0,k, it follows from Theorem 3.3.4 in

[H7̈1] that the Maslov bundle is trivial near x0,k. Hence, we fix a coordinate system
near x0,k, so that a Maslov factor is just a constant, and hence, it is not involved in
differentiation. Therefore, we define the Lie derivative by differentiating the pullback of
the flow corresponding to the Hamiltonian H associated with σ[2g]. We denote the Lie
derivative by LH . According to Theorem 5.3.1 in [DH72], the following identity holds

ı−1LHσ[u
k
01234] = σ[2gu

k
01234] = σ[uk0u

k
4u

k
123].

Let ω = |g|1/4, then we can express σ[u01234] = αω for some smooth function α. We
set

ϕk(s) := α ◦ βξ0,k(s), ψk(s) :=

∫ s

0
(divωH) ◦ βξ0,k(τ)dτ.

Then, we have

ıω−1σ[2gu
k
01234] ◦ βξ0,k = ω−1LH(αω) ◦ βξ0,k = e−ψk∂s(e

ψkϕk),

or equivalently,

ıσ[2gu
k
01234] = ∇ω,k

s σ[uk01234],where ∇ω,k
s := e−ψkω ◦ ∂s ◦ eψkω−1.
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Therefore, taking into account the supports of uk0 and uk4, by integration, we derive

σ[uk01234](βξ0,k(s)) = ıe−ψk(s)ω(βξ0,k(s))

∫ s

0
eψk(τ)ω−1(βξ0,k(τ))σ[u

k
0u

k
4u

k
123](βξ0,k)(τ)dτ,

for s > 0 such that βξ0,k(s) ∈ Ok \ supp(uk0). Since (7.4) and uk0, uk4 are smooth functions
supported in BG(x0,k; a), we conclude that the right-hand side of the last equation is
non-zero for sufficiently small a > 0. Therefore, (7.6) holds.

By Lemma 5.8, there exist a constant ck6 ̸= 0 and a distribution rk6 such that µ∗rk6 is
smooth at x̂(x̃k) and

uk0123456 = vk6 + rk6 ,

and

2gv
k
6 = c6u

k
5u

k
6u

k
01234.

Recall that we choose τk such that x̃k = γξ0,k(τk) satisfies (3.15). Let us set ξ̃k =

βξ0,k(τk) and write x̃k = (t̃k, x̃
′
k). Since Yk and Tx̃′k

are transversal, microlocally near

any ξ ∈ L∗,+M \ ξ̃k, we know that uk5u
k
6u

k
01234 is a conormal distribution associated to

the conormal bundle of the point {x̃k} = Yk ∩Tx̃′k
. By Lemma 3.2, we know that

ξµk = ξ̃k + ν(ξ̃k)

where ν(ξ̃k) ∈ N∗
x̃k
Tx̃′k

/R+ is a covector defined by (3.2). Moreover, by (7.6) and

definition of uk6,

σ[uk01234](ξ̃k) ̸= 0, σ[uk6](ν(ξ̃k)) ̸= 0.

Therefore, the product calculus of conormal distributions implies that

σ[uk5u
k
6u

k
01234](ξ

µ
k ) ̸= 0.

Due to the transport equation satisfied by σ[vk6 ] along βξµk
, we know that

σ[vk6 ](βξµk
(s)) ̸= 0,

where s > 0 satisfies γξµk
(s) = x̂(x̃). Using Lemma 3.5, we see that µ∗uk0123456 is singular

at µ−1(x̂(x̃k)). This in addition with (3.15) shows that (ξ0,k, ξ1,k, ξ2,k, ξ3,k) ∈ R for large

k. It then follows that (ξ0, ξ1, ξ2, ξ3) ∈ R. □

Next, we want to improve the last theorem, namely, we aim to remove assumption
(3.13). To do this, we will need the following lemmas:

Lemma 7.2. Suppose that (ξ0, ξ1, ξ2, ξ3) ∈ (L∗,+Ω)4 satisfies (a), (b), and (c). Assume
that a sequence ξ0,k ∈ L∗,+Ω converges to ξ0. Then there exists a sequence

(ξ0,kl , ξ1,l, ξ2,l, ξ3,l) ∈ (L∗,+Ω)4

satisfying (a), (b), and (c) such that ξ0,kl is a subsequence of ξ0,k and ξj,l → ξj for
j = 1, 2, 3.

The proof of this result is based on the following elementary lemma.
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Lemma 7.3. Let L ⊂ R1+3 be the light cone with respect to the Minkowski metric.
Let ξ1, ξ2, ξ3 ∈ L be linearly independent. Suppose that ξ0 ∈ span(ξ1, ξ2, ξ3) and that
ξ0 /∈ span(ξ2, ξ3). Let U ⊂ L be a neighbourhood of ξ1. Then there is a neighbourhood

V ⊂ R1+3 of ξ0 such that for all ξ̃0 ∈ V there is ξ̃1 ∈ U such that ξ̃0 ∈ span(ξ̃1, ξ2, ξ3).

Proof. The statement is invariant with respect to a non-vanishing rescaling of ξj , j =
1, 2, 3, and we may assume without loss of generality that ξj = (1, ξ′j) with ξ′j a unit

vector in R3. After a rotation in R3, we may assume that

ξ′1 = (1, 0, 0), ξ′2 = (a, b, 0), ξ′3 = (c, d, e),

for some a, b, c, d, e ∈ R. We write ej , j = 0, 1, 2, 3, for the usual orthonormal basis of
R1+3.

To get a contradiction we suppose that neither B1 nor B2 is a basis of R1+3, where

B1 = (e3, ξ1, ξ2, ξ3), B2 = (e2, ξ1, ξ2, ξ3).

As ξ1, ξ2, ξ3 are linearly independent butB1 is not a basis, there holds e3 ∈ span(ξ1, ξ2, ξ3).
In particular, e ̸= 0. Furthermore, as B2 is not a basis, also e2 ∈ span(ξ1, ξ2, ξ3). As
e ̸= 0, there are, in fact, a1, a2 ∈ R such that e2 = a1ξ1 + a2ξ2. In particular, a2b = 1
and a2, b ̸= 0. Hence

a1/a2(1, 1) + (1, a) = 0,

and this again implies a = 1. But a = 1 and b ̸= 0 is a contradiction with ξ′2 = (a, b, 0)
being a unit vector.

We define

ξ̃1(θ) =

{
(1, cos(θ), 0, sin(θ)), if B1 is a basis,

(1, cos(θ), sin(θ), 0), otherwise.

Note that ξ̃1(0) = ξ1 and that (∂θ ξ̃1(0), ξ1, ξ2, ξ3) is a basis of R1+3. We conclude by
applying the implicit function theorem to

F (ξ̃0, θ, c1, c2, c3) = c1ξ̃1(θ) + c2ξ2 + c3ξ3 − ξ̃0.

□

Now we are ready to proof Lemma 7.2.

Proof of Lemma 7.2. Set yk = γξ0,k(s0) and denote by αk the shortest path from y to
yk with respect to Riemannian metric G. For j = 0, 1, 2, 3, define ηj,k as the parallel
transport of ηj from y to yk along αk, where ηj is as in (c). Note that ηj,k → ηj as
k → ∞. Write η̃0,k for the covector version of γ̇ξ0,k(s0). Also η̃0,k → η0 as k → ∞.

Choose an orthornormal basis at y and denote by g′k, η
′
j,k and η̃′0,k the representations

of g, ηj,k and η̃0,k in the basis at yk, obtained as the parallel transport of the basis at y
along αk. Now g′k is the Minkowski metric and η′j,k is independent of k. We write η′j,k = η′j
and have η̃′0,k → η′0. Observe that η′0 /∈ span(η′2, η

′
3) due to (a), and η′0 ∈ span(η′1, η

′
2, η

′
3)

due to (c).
Let Ul ⊂ R1+3 be the intersection of L with the Euclidean ball of radius 1/l centered

at η′1. By Lemma 7.3 there is a neighbourhood Vl ⊂ R1+3 of η′0 such that for all η̃′0 ∈ Vl
there is η̃′1 ∈ Ul such that η̃′0 ∈ span(η̃′1, η

′
2, η

′
3).
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Let kl be large enough so that η̃′0,kl ∈ Vl. We denote by ξj,l the covector version of

γ̇ηj,kl (−sj) for j = 2, 3 and let ξ1,l be the covector version of γ̇η̃1,l(−s1) where η̃1,l ∈ L∗
ykl
M

is the covector corresponding to a choice of η̃′1,l ∈ Ul such that η̃′0,kl ∈ span(η̃′1,l, η
′
2, η

′
3).

Now ξj,l → ξj as l → ∞ for each j = 1, 2, 3. Moreover,

(ξ0,kl , ξ1,l, ξ2,l, ξ3,l) ∈ (L∗,+Ω)4

satisfies (a) and (b) for large l due to this convergence. It also satisfies (c) by the above
construction. □

Finally, we show that condition (3.13) can be removed from Lemma 7.1:

Lemma 7.4. Assume that (ξ0, ξ1, ξ2, ξ3) ∈ (L∗,+Ω)
4
satisfies (a), (b), and (c). Then

(ξ0, ξ1, ξ2, ξ3) contains in R.

Proof. We choose such ξ0,k ∈ L∗,+Ω, converging to ξ0, that (3.13) holds with ξ0 replaced
by ξ0,k. By Lemma 7.2, for each j = 1, 2, 3 there is such a sequence ξj,l ∈ L∗,+Ω
converging to ξj that

(ξ0,kl , ξ1,l, ξ2,l, ξ3,l)

satisfies (a), (b), and (c) for a subsequence ξ0,kl of ξ0,k. Therefore, by Lemma 7.1,

(ξ0,kl , ξ1,l, ξ2,l, ξ3,l) ∈ R

and hence also (ξ0, ξ1, ξ2, ξ3) ∈ R. □
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[DH72] J. J. Duistermaat and L. Hörmander, Fourier integral operators. II, Acta Math. 128 (1972),
no. 3-4, 183–269. MR 388464

[dHUW19a] Maarten de Hoop, Gunther Uhlmann, and Yiran Wang, Nonlinear interaction of waves
in elastodynamics and an inverse problem, Mathematische Annalen 376 (2019), no. 1-2,
765–795.

[dHUW19b] , Nonlinear responses from the interaction of two progressing waves at an interface,
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